Martignone, Antonini

concerning the study of the dynamic explorations and the transition between the
conjecturing phase and the proof construction.

We think that the study on these processes will offer teachers tools that could be
efficient to set up educational activities with the Mathematical Machines that can be
productive for learning some geometrical topic but also for developing students’
explorative and argumentative aptitudes.
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relations among the variabies of the System. (p. 53. Emphasis in original)

In Chevallard’s (1985, 1989) point of view, mathematica) modeling plays a key
in knowing mathematics, Hijg theoretical berspective has been valuable
conceptualize the stages underlying mathematical modeling, as described a

Additional Perspectives on mathematical modeling

Lesh and colleagues have largely studieq modeling with an emphasis on “real worf*
contexts (e.g., Lesh, et al., 2003; Lesh & Doerr, 2003; Lesh, Lester, & Hjalmarsm,
2003; Lesh & Zawojewski, 2007). Lesh and his colleagues understand
development of models as part of problem solving. Students begin their leaming
eéxperience by developing conceptual systems (i.c., models) for making sense of res
life situations where it {5 necessary to create, revise, or adapt a mathematical way
thinking (ie., a mathematica) model; Lesh & Zawojewski, 2007). Given moge
eliciting activities, students are expected to bring their own personal meaning to bes
On a problem, and to test ang revise their Interpretation over g seties of modeling
cycles. Lesh describes the modeling process ag consisting of four interactiug.;_'
processes that do not Oceur in any fixed order: 1) description: establishing a T ;
from the model worlq to the real or imagined world; 2) manipulation of the mode]ty ;
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e‘ Othel hand Othel Iesealchels e.g., Bolea, BOSC}], & Gascon 199?
5 1985 [9,89 (Gascon, 1993'199(4), Working more ClOSCly to Chevallard’s
d E] 3 »

i ing i of itself
; él perspective, place a central focus on the study of modeling in and

- ine tool
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iculum. Within this group of au?hors, Cheva ,t_cal ity
5011133;)01;1;;1':: that an essential characteristic of a mathem(:i.ﬁ 1ithin ity
ts; (of building a (mathematical) model abopt systzl;n?t i o oroduce
atical extra-mathematical contexts) to be studied, to u h, A
erprctatio f the obtained results. In others words, the mat] ems ity
_temretatwn_ y dt ; aking (mathematical) models of systems in (Lptratt) O'l;din ’
_bjGCh{iIaCterlZC :s IT”ll'he authors underline three aspects mvolve_d in u(;els %he
ema::ﬁ:})rsg:il:-xt;.e routine utilization of pre-existing mathematical models,
ema :

y them, and the creation Of [Ilathe"laIICal
:ﬂlﬂmg Of HlOdels as Well as the wa’ Oi uStIlg
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i ing tool central to the
contexts, as well as their vision regarding algebra as a modeling

mathematics curricuium.
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Hanna and Jahnke (2007) aiso Investigate modeling within extra-mathematical

contexts. They use arguments from physics as a method to build ap explanatory -
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Creating a non-physical representation of g physical system” (p. 147) and relate thei eAuivalent algebraic express Problem |
approach to “reality related proofs.” However, of $pecial importance for our study s ‘ d by the days of a certain month, as
that they view modeling and proof a5 being inextricably linked ang as having E- Part 1: Consider a square of two by two formte o ga nbe 1 2
complementary rojes, Additionally, they relate thejr view of modeling to that held by shown below. For example, a square of two by tw. 8 9

spiral process of setting up a model, drawing
the model, drawing conclusions, and gg on” (p. 150). We ‘
borrow from Lesh and hig colleagues their view of modeling ag consisting of 5
interacting stages that do not OCCur in a particular order, and from Hanna and Jahpke
their view regarding the Connections between modeling and proof, and their view of '
modeling as being a circujar Or spiral process.

HL

ditference between
res will be called 2x2 calendar squares. C;ilculat]e tlll:?nc(ijlt;the;e;ﬂ Setween
‘ g Sc?uat f the numbers in the extremes of the diagonals. e e ondar
. p?t}lll:t Sgi(:res the biggest outcome. You may use any month o
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want. o - )
Part 2: Show and explain why the outcome is going to be -7 alway
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Figure 1. Problem | from the Calendar Sequence.

In Problem 1 (Figure 1), students were asked to analyze the nature of the outcome :
the described calculation (subtraction of the cross product). It was expected ﬂll
students would anticipate some kind of variation in the outcome in relation to the s

_ —value of
process, but rather through students’ analysis of the likelihood of rtilleotlrl'::(l)l ﬂ\lfgltt;ethe
h of’a succession of competing hypotheses. Hi lmke.d the znu'me;1 C outoome to the
square’s position at the beginning of thg month, Whll-e };ﬁ is bandonina T an
 outcome’s independence of the month that- it was placed in. e’r bandoning H1 and
H2, H3 was momentarily embraced: possibility gf _the ou_tcm;r:f2 8 I_Mp endence on the
nth where it is placed, which is in contradlctllon wgthl .f 14 seems (o be o
finement of H3, given that it relates the potential variation ot_ A
what day of the w,eek is the first day of the montl.l. Students utisri ﬁiys e oaeed
urce for the variation in the outcome not oply in what mm;l mdegts N
but also what day of the week is the first day in that_month. lT e § dents hypothesize
that 2 potential source of variation in the outcome is the re atn;le tacla (g)f ment of (he
'r.lays. To test their hypothesis, they tried- mopths that differ in V\; a_ A s){-u e week I
the first day of the month, always resulting in the same outcome, -7.

the operator. The challenge for the students was to find out why this happens, a
whether this js “always” going to be the case, At this stage in the problem, fromi
mathematical point of view, algebra becomes a tool to solve the problem. Thus,
of the challenges in Problem 1 is to show the Iimitations of using a non-exhausti
finite set of examples to prove that proposition is true, and to encourage students by
use algebra as a 100/ that allows them to express all cases USINg a unique expression _

i i ble scenarios and they still got
i i t they tried all possible unfavourable . ; ill
cima. : flfn:;ﬁ:doﬁ:zgnmzhiheregore they produced their concluding hypothesmb (H5) s{t;rilt:l?sg
o, 1 s ter PaEcs in the mathematical modeling | th: outcome is al\:vays -7 regardless of different arrangements of numbers, m )
process. . 

. i heses:
§ ad first days of the month. We distipgulsh betwe};en.tv:f;) bl;ll;(jcsw:; l_ll}fli(;: deisi'?fcr
Interpretation of the Problem: Given that our interest in mathematical modeling, | = exploratory and concluding, the latter being the. hypot esrljin their trath-value. An
specifically the use of algebra as modeling too] to prove, is educational, it is crycid . 0 terms of the purpose and degreff Qf certa_mtﬁ ;eg;)esii ¢ when she posed the
to include a stage that accounts for students’ processes when they are mainly focus | E eample of an exploratory hypothesis is provide: ¢ y start like at the beginuing?”
on understanding the statement of the problem, which does not exclude question following question to her group: “Wha?; happens i ﬁ;n placing the square at the
appearing once students start Iy b referring to the impact On.th-e numeric outcorﬁe'r concluding hypothesis as stated
the problem. In Abbie, Desiree, and Grace’s group, the first five minutes of . beginning of the month. This is dl‘fferent fromht el me.” As discussed carlier, this
small group work were characterized by trying to understand the meaning of the .‘ by Abbie: “They are always going to be the lfaof éx loring various hypotheses,
- Among the issues that surfaced during this interpretation 5 concluding hypothesis was produced as th? resfl:lthe rel atIi)ons involved, and getting a

stage were: potential Strategies to solve the problem; reaching an agreemen - analyzing them using examples and properties o

regarding the operations involved; the nature of the numbers considered (negativ, - sense of the degree of certainty about its truth value.
Po.s_itive,‘absolute value); and the delimitation of the domain to study. Afier these L Claim 2: Mathematical modeling is a non-linear process.
Initial minutes, the students reached an agreement regardi :

' i i i ess is non-linear: stages can occur in
main focus shifted towards the production of hypotheses regarding the outcome. . We claim that the mathemama}ll mofd::ngog?cnm 5 nominear:stages can occu i
o g ot ot Cignton aecd by studes ':' ﬂon-f{onsecuti\gh m:f‘l?;l,'da(T;StS elief?§9). As illustrated in Table 1, students already
production of competing hypotheses ag part of their investigation of the nature of the § described by Chev ,

; s e g onships
started analyzing some relations among v§r1abies (1.e.,b!Eafagzihiffoﬁff:;cljysis :u] t
Among Variables™ stage) in the Interpretation ?f the Pro lem sc egrté,,in o o
is possible to identify a main focus to students’ work during a rain period of tune.
For instance, during the first five minutes, as the student_s were rya1 g o D
 ipretation of th Frobiem Abbie noived th reton e e e
“Interp"e’ation[}f:ffg? ngflleg? t};:b:cl;al;z I:i‘.ee., “Establishing Relationships /.imong
i 'Comef’ * t?'l tl:'lngoment her group did not elaborate on her comment untit 1ate;
Vaﬂabllles ; Arz: mz.inly prodilcing hypotheses; more speciﬁc_ally, un_t]l the momer;t (c;o
:illtt:lr:l; g{e\zzpression to prove their concluding hypothesis, illustrating that stage
not necessarily happen in a fixed order.

outcome. Students pondered how to obtain the larg
characterize the nature of the dependence between the oyt
of the problem situations such as a square’s position withi
and years, and what day of the week is the first day of
show the process by which our three students produc
hypotheses and later agreed on a final hypothesis. Stud
amount of time Irying to understand the behaviou

ed a variety of competing
ents employed a significant
r of the outcome and i
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Figure 2. Proposed Production of Competing Hypotheses Stage. Hypothesis al° .-
represented on the left in order of appearance. On the right, excerpts of studert
discussion along with the time code and the student initial.

Claim 3: Partial models within stages of the mathematical modeling process.

Even though Chevallard’s mathematical modeling process has proved usefl. it 008
not account for the complexity involved at the interior of each of the modeling 513
Within Chevallard’s stages of Identification of Variables and Parameters (ie.
stage) and Establishing Relationships Among Variables and Parameters (ie.
stage), we have found that students produce partial models of the situation W
consideration. A partial model is a model that includes some (but not all) van

parameters, OT relations among them. Thus, a complete model is what we W0
traditionally call model, and it includes all variables, parameters, and relatio
are relevant to study the situation undet consideration. For mstance, building 08

ONCLUDING REMARKS

this paper
- PW; W:rf)la\;e }‘eroposec} a reﬁnemcnt of Chevailard’s mathematical modelin
preation 0fpthi:.- L tlr];e nlclusmn of at least two others stages namel‘%j
‘ roblem”™ and “Production of Competing Hypotheses™ ;/n
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addition, we provided evidence illustrating the non-linearity (stages do not happen in | ST
a fixed order) of the mathematical modeling process. Lastly, we showed students’ § UDYING TEACHERS®

partial models as an indication of the complexity at the interior of the stages inthe E Met
modeling process. .
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0laos, Potari Despina, Zachariades Theodossios
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