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|. INTRODUCTION

The last ten to fifteen years witnessed an increasing interest in the area of economic growth from
the point of view of the neoclassical framework. The new interest emerged first from
contributions in the 1980s that essentially directed this area to a second generation of growth
models where either production externalities or human capital accumulation delivered growth
endogenously. Parallel to this development, there has been an increased interest in the study of
general equilibrium with informational asymmetries.*

This paper presents analytical and quantitative results in a simple general equilibrium
framework with endogenous growth and potential private information about the productivity of
individuals. In particular, growth is driven by a stochastic “ AK” type technology as discussed in
Rebelo (1991). The potential private information is about the individual productivity in operating
a given stock of capital as in the recent contribution of Khan and Ravikumar (1997). The main
contribution here is to introduce idiosyncratic and aggregate uncertainty, but the individual has no
access to perfect capital markets. The extent of insurance against the idiosyncratic shock is
endogenously determined by an efficient long-term contract with intermediaries. Risk averse
individuals would like to fully insure against idiosyncratic shocks but private information prevents
them to do so. Thus, we analyze the effects on growth and asset prices of private versus full
information of the idiosyncratic shock, in an economy with capital accumulation and aggregate
uncertainty. ?

A main contribution here is to explore the fact that the correlation between individual and
aggregate productivity can be plausibly either positive or negative. We show that depending on the
sign of this correlation, the effect of idiosyncratic risk on growth and asset prices can vary
substantially. Also, we show that the effect on individual variability, relative to aggregeate
variability, isafunction of the way aggregate uncertainty impacts on the probability distribution of
the idiosyncratic shock. If the probability of high individual productivity is larger when the good
aggregate state occurs, the variability of individual consumption is larger. However, if the

! See Barro and Sala-i-Martin (1995) for a recent survey on economic growth, and the seminal
contributions of Prescott and Townsend (1984) and Atkeson and Lucas (1992) on asymmetric information.

2 See e.g. Phelan (1994) for a discussion of aggregate shocks and incentives in an overlapping generations
framework. The paper by Den Haan (1997) discusses related computational and calibration issuesin
general equilibrium models with heterogeneous agents and aggregate shocks.



probability of high individual productivity is smaller when the good aggregate state occurs, the
variability of individual consumption issmaller.

In another dimension, Khan and Ravikumar (1997), in a similar model without aggregate
uncertainty, have shown that private information reduces expected growth, and the effects are
guantitatively small. Our result is that adding aggregate uncertainty introduces an additional
channel that can mitigate, but never reverse, the negative distortionary effect of private
information on expected growth. In addition, we show that the growth effects of individual private
information with aggregate uncertainty may be larger than without aggregate uncertainty.

One of the motivations of this study relates to the well-known failure of the representative
agent paradigm to cope with the fact that the variability of individual consumption and income is
much larger than the variability of aggregate per individual consumption and income, e.g. Deaton
(1991, 1992), Pischke (1995). In a model without private information and consequent full
insurance to the idiosyncratic shock, individual allocations are identical to aggregate per
individual allocations, i.e. the variability of individual quantities is identical to the variability of
aggregate per individual quantities as in the representative agent framework. However, Pischke
(1995) shows empirically that the variability of idiosyncratic income and consumption is about
forty times larger than the variability of aggregate per individual income and consumption. Thus, a
serious model of individual heterogeneity must include discrepancies between individual and
aggregate allocations.®> Even though a model with idiosyncratic uncertainty and private
information can generate differences in individual variability versus aggregate per individual
variability, an important and interesting question is whether private information with idiosyncratic
and aggregate shocks can generate significant differences in individua variability versus
aggregate per individual variability.

In our model, there is no private or public insurance mechanism available for aggregate
shocks. However, an important question is whether these insurance arrangements would be

desirable. Attanasio and Rios-Rull (1999) examine the role of public insurance to aggregate

3 See, for example, the survey of Rios-Rull (1995), the discussion of Carroll (2000), and the applications by
Kahn (1990), Atkeson and Lucas (1992), Heaton and Lucas (1992), Den Haan (1996, 1997), Kocherlakota
(1998), and Krusell and Smith (1998) among others. Pischke (1995) associates the discrepancy between
individual and aggregate variability with the possibility that individuals do not consider aggregate
uncertainty in their decision making process. Thisclaim isin part inspired by the analytical results of
Goodfriend (1992) who argue that individuals are not able to observe the current aggregate state, but only
with atime lag. Here, | assume that the current aggregate uncertainty is known in the beginning of the
current period.



shocks in an endowment economy with partial insurance to idiosyncratic shocks. They find that
the provision of public insurance can have distortionary effects on private mechanisms. In the
context of our growth model, we find that aggregate shocks can mitigate the negative growth
effects of private information. Hence, under private information, the provision of public insurance
can have detrimental effects on expected growth.

Finally, we discuss the effects on asset prices and excess returns exploring the property that,
in the growth framework, the marginal rate of substitution is a function of the growth factor only,
not levels.* As expected, in the case of logarithmic utility, adding private information in the
genera equilibrium asset pricing framework may increase the variability of the marginal rate of
substitution thus increasing the excess return, e.g. Heaton and Lucas (1992).

The paper is organized as follows. Section |1 presents the basic structure while section 111
presents the solution for the optimal contract. Section IV is the core of the paper where the
aternative shocks and information arrangements are analyzed and comparisons and numerical

examples are presented. Section V' concludes.

Il. BASIC STRUCTURE
Thisis aone-good model with alarge number of individual households. All variables are for each
individual unless otherwise noted. Time is discrete and a prime next to a variable denotes its next
period value. Figure 1, which will be recalled throughout, presents a sketch of the timings and
activities in the model. It is important to emphasize that the long term contract characterized in
this paper is only contingent on the initial state, but because we derive a separating equilibrium
along a stochastic balanced growth path, in this equilibrium, variables evolve sequentially as in
Figure 1.

We start with the production side. Current output, per quantity of capital, for an individua is
denoted by the linear function

y(zA) = z+ A 1)

where y(zA) is output deflated by the initial level of capital ka, which is predetermined from last
period, as afunction of the aggregate state of technology last period Ay, used for production in the

* See e.g. Brock (1982) and Cochrane (1991) for discussions of asset pricesin a production framework.
The point that the marginal rate of substitution depends on growth is emphasized in Mehra and Prescott
(1985) for an endowment economy. Hansen and Jagannathan (1991) examine the role of the marginal rate
of substitution in asset pricing models.



current period, e.g. Figure 1. Capital is assumed to fully depreciate every period. A is the current
period aggregate state of technology, assumed to bei.i.d., with probability function
A=G with probability 7,
A=B< G with probability 1-7
where 7<[0,1]. The unconditional mean of A is assumed to satisfy, Ex[A] =1, where Ey is the
expectation operator over X. The idiosyncratic component of the technology, z, is assumed to be
independently distributed, and may be individual’s private information. The probability function
of zis
Z=( with probability Pa ,
Z=b< g with probability 1-pa
with pae [0,1] . Hence, the probability function of z depends on the aggregate state A and for each
A, the probability function may shift. The conditional mean, denoted u(A), is
E:[2 = pag+ (1-pa)b=pu(A) = 0.
The key issue here is that the effect of aggregate risk on the probability distribution of individual
productivity can plausibly make the slope of the function u(A) be positive or negative (or zero).
For example, in the good aggregate state, G, the probability of high individual productivity, pg,
may increase when individuals are willing to be more efficient, implying that u isincreasing in A.
However, the probability of high individual productivity, ps, may decrease when individuals are
willing to be less efficient, given G, implying alternatively that x is decreasing in A.°
Given (1), average aggregate output per individual, deflated by initial capital, is
EcalztAl = n[u(G)+G] + (L-m)[u(B)+B].
Individuals are assumed to be risk averse, with average logarithmic utility
v(C)=(18)logC 2
where 8€(0,1) denotes the subjective discount factor assumed to be identical across individuals

and C is consumption. ®

® On another dimension, the risk of unemployment may be higher in arecession than in aboom. So, it
would be plausible to assume that the variability of individual quantitiesis higher in the bad aggregate state
than in the good as if downside uncertainty matters more, see e.g. Heaton and L ucas (1992) on this point.

® Following Khan and Ravikumar (1997), we explore the homogeneity properties of the functions above,
see eg. Alvarez and Stokey (1998) for a discussion, to express the model per quantity of initial capital, thus
deflating the relevant variables by ka,. Thiswill ultimately impose stationarity in the relevant variables asis
usual in balanced growth models.



I1l. PRIVATE INFORMATION, INCENTIVES AND GENERAL EQUILIBRIUM
The idiosyncratic component z is the individua’s private information so that a revelation
mechanism has to be designed. We proceed by designing a mechanism based on a simple long-
term principal-agent relationship as in Khan and Ravikumar (1997), e.g. Townsend (1982). There
are several risk neutral intermediaries operating competitively and each individual enters a long-
term relationship with one of the intermediaries. A typical contract between an individual and an
intermediary specifies: (i) a contingent current transfer, per quantity of capital, from the
intermediary to the individual denoted by the function 7(z,A); (ii) contingent current investment,
per quantity of capital, from the intermediary to the individual denoted by the function ¥(zA)
which isidentical to the growth factor of the capital stock. The timing presented in Figure 1 shows
that al observe the current aggregate state in the beginning of the period. Next, the individual
provides a report to the intermediary and the intermediary decides on the appropriate transfer and
investment to the individual.” Afterwards, uncertainty is resolved and the probability function of
the idiosyncratic shock yields the proportion of individuals with respective idiosyncratic
components so that the average capital stock is predetermined for next period.

Hence, the current contingent expenditure, deflated by the capital stock, for the risk neutral
intermediary amountsto

7(zA) + ¥(zA), eachA,z. 3

Individual current contingent consumption, ¢(z,A)=C(z,A,A0)/Kae , then consists of production

plus transfers, or
c(zA)=z+ A+ 1(zA), eachA,z. 4
We let U’ be the current expected discounted lifetime utility entitlement starting from next

period onwards, with current full commitment to z, and define a state variable ®,

" The current transfer is 7 (zA) = T(z,A,A0) / kn, Where T is the transfer, and current investment is ¢/(z,A)=
k' (zAA0) / kao wWith the usual assumption that it takes one period for capital to become available for usein
production. All ratiosto the initial capital stock are stationary and independent of ka, because of the linear
technology. For arecent discussion on the issue of the correlation between investment and growth in the

“ Ak’ type of model, see McGrattan (1998). The report is assumed to be free of any cost, see e.g. Prescott
(2001) for models of costly reporting as an action.

8 For example, in the simple two-period case, U ' = (1-8) 8 log C'. Khan and Ravikumar (1997) also
consider the more general case of isoelastic preferences, where the state variable becomesU ' -(1-0- ) log K,
where ¢ isthe coefficient of relative risk aversion.



s=U"-logk".
Considering the lifetime utility entitlement deflated by the capital stock imposes stationarity in the
state variable, as it does in al other variables of the balanced growth model, so that s=s. Thus,
using the definition of current investment, we have that
s(z,A) = U (zA,AA0)—log K'(zAA0) = U (zA',AJA0)—log ¥(zA) - log kao = S(Z,A") (5)
and the linear combination of the lifetime utility entittement U and log k is stationary, i.e. s is
stationary.
Following Khan and Ravikumar (1997), Green (1987) °, the revelation mechanism requires

temporary incentive compatibility constraints of the form:
(i) For anindividual, currently with z=b:
if b+ A+ 7(g,B) > 0, for all A then
(1-8) log (b+A+7(b,A)) + Blog Y (b,A)+ B Ea[s (bA)] =

(1-8) log (b+A+7(g,A)) + Blog ¥ (9.A) + BEA[S(QA)], eachA; (63)
(i) For an individual with z=g:
(1-8) log (g+A+7(g.A)) + Blog ¥ (9.A)+ B Ex[S (9.A)] =

(1-8) log (gtA+7(b,A)) + Blog ¥ (b,A) + B Ex[s (b,A)], eachA. (6b)
The constraint in (6a) implies that for all A, conditional on the current consumption of individual
Zz=b being strictly positive, when this individual misrepresents, i.e. b+A+71(g,A)>0, the lifetime
utility obtained with truth telling, that isthe LHS is

(1-8) log (b+A+71(b,A)) + B Ex[U’ (b,A',AA0)] =
(1-8) log( b+ A+7(b,A))+ B Ex[S(b,A)] + B logy(b,A)

must be no less than the lifetime utility obtained with current misrepresentation and onwards, the
RHS

(1-8) log (b+A+7(g,A)+ B Ex [ S(9A)] + Blog ¥ (g.A) .
Then, for individual z=g, for al A, g+ A+7(b,A)>0 holds by (i), and (6b) requires that the lifetime
utility obtained with truth telling, i.e. the LHS

(1-8) log (g+A+7(9.A)+ BEa [ S (9.A)] + Blog ¥(g.A)
must be no less than the lifetime utility obtained with current misrepresentation and onwards, i.e.
the RHS

% Since Green' s (1987) contribution, other papers followed in this tradition including Thomas and Worrall
(1990), Green and Oh (1991), Marcet and Marimon (1992).



(1-8) log (g+A+7(b,A)+ BEx [ S (B,A)] + Blogy(bA) .

The participation constraint for all individualsis given by

S(zA) < E;[ (1-8) log (z+A+1(zA)) + BEx [ S(Z,A)] + Blog ¥ (zA)] , eachA @)
which states that for each A, expected (over z) lifetime utility entering the contract can be no less
than the initial expected lifetime utility.™

In addition, using the law of large numbers, we can average s across all individuals (2) so that
letting the population become large allows the idiosyncratic component of the state variable to
vanish in equilibrium, i.e. lim;_ fZi S (Zi A) fz (Zi| A) dZ; = S(A) = S(A); wheref,; (Zi|A') isthe
probability distribution of the idiosyncratic shocks, conditional on A", across all individuals.

For a characterization of the optimal contract, we use the dual approach: the principa solves
an expenditure minimization problem whose solution yields the optimal contract, e.g. Khan and
Ravikumar (1997), Green (1987). Hence, using (3), the optimal contract is the solution to
Bellman’s functional equation

W(S(A)) = MinE; [ 7(zA) + y(zA) (1+ pEx [W(S(A))])], eachA )
where the inner minimum is by choice of {r(z,A), ¥(z,A), S (A")} subject to (6a,b), (7), taking p, the
discount factor among intermediaries as given, as well as the probability distributions of the
shocks.**

The solution for the optimal contract must provide the right incentive for each individual to
revea its type truthfully. In principle, deviations from truth telling allow individuals to consume
extra hidden output. To avoid this, the optimal contract has the following characteristics. (i)
incentive constraint (6a) never binds; (ii) incentive constraint (6b) binds with associated
contingent Lagrange multipliers denoted A(A)= O; (iii) the participation constraint binds with
associated contingent Lagrange multipliers denoted 1(A)>0. The saddlepoint for the appropriate
Lagrangean function implies first order necessary conditions for {7(z,A), ¥(zA), s (A), A(A), n(A)}
respectively given by

1911 the incentive compatibility constraints log ka, cancels out in both sides of (6a,b) and the participation
congtraint is obtained using the definition of the state variable.

! The Bellman equation in (8) is obtained assuming that the principal is risk neutral, with net expenditure
per quantity of capital 7(z,A) + ¥(zA). Thus, the function Wis the net expenditure per quantity of capital
and it is strictly increasing, strictly monotonic and convex; see e.g. Khan and Ravikumar (1997) and Stokey
et al (1989) for the standard resullts.



pa(@+ A+ 7(gA) - (1-8)( pan(A)+ A(A)) = 0, eachA (9a)
(1-pa)—(1-8) ([(1-pa) n(A) / (b+A+7(b,A)] —[A(A) / (g+A+7(bA)]) = 0, eachA  (90)
PaY(@A(1+ p Ex [W(S(A))])-B(pan(A)+ A(A)) =0, eachA (9c)

(1-pa) ¥ (0.A) L+ p Ex [W(S(A))]) -8 ((1-pa) n(A)-A(A)) =0, eachA (9d)

PaY (@A) p Ex [OW(S(A)/GS ] -B(pan(A)+ A(A) =0, eachA (%)

(L-pa) Yy(0.A) p Ex [OW(S(A)/IS ] -B((1-pa) n(A)-A(A) = 0, eachA (9f)

together with the constraints (6b) and (7) holding with equality for each A. The set of first order
conditions, yield a total of 16 equations in the 16 unknowns {7(z,A), ¥(zA), S (A"), A(A), n(A)}.
The envel ope condition (Benveniste-Scheinkman formula) yields:

OW(S(A))ds=n(A), eachA (20)
The Lagrange multiplier n(A)>0 represents the marginal cost of the initial lifetime utility per unit
of capital. The other multiplier A(A)= O plays an important role in the analysis. It represents the
marginal cost, in terms of utils, for an individual with z=g to falsely report z=b and receive
transfer 7(b,A). Hence, A(A) represents the marginal efficiency of the contract. If A(A)=0, thereis
no binding commitment to truth telling and full insurance to the idiosyncratic shock (full risk
sharing) is provided by the principal. However, this first best solution does not give any incentive
for truth telling when there is private information, so that we observe the usual trade off between
risk sharing and incentives. As A(A)>0 increases, it gives the value of the contract in terms of the
cost of misrepresenting. In particular, the saddlepoint for the Lagrangean function of (8) yields
the maximum A(A) that minimizes expenditures. Hence, the larger A(A), the more efficient the
contract isin terms of exploring the trade off between (partial) risk sharing and incentives.

The optimal contract characterized in (9) is a classic separating equilibrium contract. It gives
the right incentive for the low productivity individual to reveal truthfully, while making the high
productivity individual indifferent. The low productivity individual obtains a small surplus, which
induces truth telling, whereas the high productivity individual has no incentive to deviate from
truth-telling.

[11.A. Genera Equilibrium and Asset Prices
Perfect competition among intermediaries implies that expenditure will be driven to a minimum or
W(S(A)) = MinE; [ 7(zA)+ ¥(zA) (1+ pEa [W(S(A))] )] =0, eachA. (11)
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Any individual with initial capital k, expected lifetime utility U, and marginal product z+A,
has current consumption, per quantity of capital, given by (4), transfer, per quantity of capital,
determined by (9), investment, per quantity of capital, also determined by (9), and output, per
guantity of capital, determined by (1). Average per capita aggregate quantities can then be
computed along the stochastic balanced growth path subject to the economy-wide resources
constraint holding for each current aggregate state, that is

JAEL [ (2+A) ko — (2+ A+ T(2A)) Ko — ¥(2A) ko ] Tic(KA0) dk= 0, each A (12)
where fi( k|ao) is the probability distribution of the current capital stock, conditional on A, across
individuals. From expression (12), in general equilibrium, p hasto be such that

E.[7(zA) + ¥(zA)] = 0, eachA (13)

or average individual aggregate saving (=E; [-7(zA)] ) equals average individual investment
(=EJ v (zA)] ). Using (11) and (13) note that

Ex [W(S(A)]=0 (14)
so that it confirms the stationarity of s. The contract is symmetric across all individuals. Using the
first order conditionsfor ¥(z,A) and s (A"), i.e. (9c,d,ef), with (10), (13) and (14) yields

p=Ex[1/n(A)] (15)
the risk-free discount factor among intermediaries, which closes the solution for the model.

In fact, p is the price of one unit of consumption in every state next period. To see this, note
that the marginal rate of substitution in the growth framework (here with logarithmic utility) is

MRSz,A) = 1/ y(Z,A), each A, Z (16)
i.e. it only depends on the growth factor not levels. Hence, we can explore this property in
studying asset prices, e.g. Mehra and Prescott (1985), Hansen and Jagannathan (1991). From the
first order necessary conditions for ¥(zA), (9¢,d) using (14) yields
E-[ ¥(zA)] = B n(A), eachA (17)
so that the asset pricing formula for the one period risk free asset, 8 E; A[MRSz,A)], can be
applied to deliver (15).

12 The procedure of imposing an aggregate resources constraint to obtain the market interest rate is due to
Atkeson and Lucas (1992). Even though the long-term contract is contingent on theinitia state only, the
general equilibrium guarantees that the contract will be fulfilled period by period aswell asin Khan and
Ravikumar (1997).
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Let q(z,A) denote the price of a claim, among intermediaries, to all future risky dividends
from the technology, i.e. the price of equity in this economy. For the logarithmic utility case
examined here, it must solve the recursive formula

A(zA) = BExz [ {Uy (z,A)} (a(z.A)+ ¥(Z,A))] . eachA z (18)
which, as in Mehra and Prescott (1985), yields a system of Axz linear equations in the q(z,A)
unknowns. Since shocks arei.i.d. and utility logarithmic, the stationary solution is
qzA)=qg=/(18), al A z (29
and the excess return is a function of the discount factor 8.2* Therefore, the price of equity is
going to be (19) in all economies discussed below, so that we focus on the risk-free asset which
relates to the marginal rate of substitution which in turnisonly afunction of the growth factor.

To sum, the solution is consistent with on going growth of levels, and allocations per quantity
of capital and prices, i.e. {t(zA), ¥(zA), S (A), A(A), n(A), p} , al stationary. The optimal contract
is offered to al with the right incentives for each type to reveal truthfully, i.e. a separating
equilibrium. In particular, the intermediary provides surplus to the low productivity individual to
avoid making a larger investment in that individual. On the other hand, the high productivity is

indifferent but has no incentive to deviate from truth-telling.

V. GROWTH AND ASSET PRICESWITH ALTERNATIVE ARRANGEMENTS
We proceed by examining alternative stochastic and informational structures and their impact on
asset prices, growth and variability.
IV.A. Aggregate Uncertainty Only
Consider first the simplest case of no private information in the returns to capital with z=0, all z
Then, this economy is the Brock and Mirman (1972) economy with the “ Ak’ technology of
Rebelo (1991), or Brock-Mirman meets endogenous growth. In particular, there is no discrepancy
between aggregate and individual quantities, the typical representative agent framework. As usual,
the individual cannot insure against aggregate risk, so that allocations are contingent on the
aggregate state. The closed form solution for the model is simple and obtained from the solution of
(9) above with A(A)=0, al A, and z=0, all z, yielding

U(A) =BA, each A (20a)

13 The stationary result for the price of equity is obtained by assuming that q(z.A)/y(z.a)=q(Z ,A)ly(Z ,A)=q,
constant. Atkeson and Lucas (1992) discuss the possibility of decentralizing efficient allocations using
securities trade in the case of private information.
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c(A)=(1-B)A, each A (20b)
T(A)=-8 A, each A (20c)
p=En[1/A] (20d)
MRSA) = 1/8 A, eachA. (20e)

Thus, we have that

¥(G)>y¥(B), c(G)>c(B), 1(G)<1(B),
and p (or the MRS) depends on the variance of the aggregate disturbance. In equilibrium,
consumption, growth (investment), and saving (negative transfers) are larger in the good aggregate
state. If the variance of the aggregate shock, A, increases, by Jensen’s inequality, p increases and
the risk-free rate decreases, hence increasing the excess return, i.e. it implies higher variability of
the expected marginal rate of substitution, e.g. Hansen and Jagannathan (1991). However,
aggregate and individual quantities have the same variability asin the representative agent case.
IV.B. Idiosyncratic Shocks Only with Full Information (Heterogeneity Only)
Consider the case of no aggregate uncertainty in the returns to capital with E[A]=A=1 constant,
and let there be no private information of the idiosyncratic shock so that zis fully observed by the
intermediary. This economy is discussed in Khan and Ravikumar (1997) (see aso Marcet and
Marimon (1992)). There is no discrepancy between aggregate and individual quantities as in the
representative agent case because the principal, who is risk neutral, bears all the idiosyncratic risk,
thus providing full insurance to the risk averse individual. The closed form solution for this
economy is obtained from (8) with A(A)=0, al A, and E[A]=A=1, yielding

y=B(u+t1) (214)
c=(1-B)(ut+1) (21b)
(2 =-8 (z+1), each z (21c)

p=1/(u+1) (21d)
MRS=1/8(u+1). (21e)

whereu = pg+ (1-p) b. Thus, we have that

¥(9) = ¥(b), c(g)=cb), 7(g) < (b),
the full insurance (full risk sharing) of idiosyncratic risk solution. In this case, there is a full
transfer, 7(b)>7(g), to the low productivity individua to allow equality of consumption and

investment across individuals.
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IV.C. Aggregate and Idiosyncratic Shocks with Full Information

Consider the case of aggregate and idiosyncratic uncertainty, but no private information of the
idiosyncratic shock so that z is fully observed by the intermediary. Again, there is no discrepancy
between aggregate and individual quantities as in the representative agent case because the
principal, who is risk neutral, bears al the risk of the individual uncertainty, thus providing full
insurance to the idiosyncratic component of the risk averse individual. However, the individua is
not insured against aggregate shocks. The closed form solution for this economy is obtained from
(9) with A(A)=0, al A, yielding

Y(A)=B (L (A)+A), eachA (224)
C(A)=(1-B)(u(A)+A), eahA (22b)
7(zA)=-B8 (z+ A), eachAz (22¢)
p=Ex[1/(u(A)+A)], (22d)
MRSA)=1/8(u (A)+ A'), eachA'. (22¢)

Thus, we have that

U(g,A) = ¥(bA), c(gA)=cbA), 7(g,A) < 7(bA), eachA
all contingent on the aggregate shock A. Full insurance (full risk sharing) for the idiosyncratic risk
is provided by the principal, with full transfer contingent on A.
IV.D. ldiosyncratic Shocks Only with Private Information
The three arrangements discussed so far have yielded alocations where the individual quantities
are equal to the aggregate per individua quantities due to the provision of full insurance for
idiosyncratic shocks. Consider now a case of no aggregate uncertainty in the returns to capital, or
E[A]=A=1 constant, with private information of the idiosyncratic shock so that z is not observed
by the intermediary as in Khan and Ravikumar (1997). There is discrepancy between aggregate
and individual quantities because the principal, who is risk neutral, is not going to bear all the risk
of the individual’s uncertainty, thus providing only partial insurance to the risk averse individual.
The private information requires a revelation mechanism to induce truth telling among
heterogeneous individuals. The partial insurance mechanism is endogenously determined by the
optimal contract (9).** This economy has the appealing property that individual allocations are
more variable than aggregate per individual allocations as documented by Deaton (1991, 1992)

1 The issue of partial versus full risk sharing is also popular in the international finance literature, see e.g.
Van Wincoop (1999) and the references therein for arecent analysis.
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and Pischke (1995). A closed form solution for this case does not exist. The functional solution
obtained from (9) with A>0 so that the temporary incentive compatibility constraint (6b) holds
with equality, and E[ A]=A=1 constant, yields

B[y =81 (233)

E[c@] =p A+ 1-B 7 (23b)
E[t(d] = -8 n (23c)
p=BE[ 11y ()] = 1in (23d)
MRS=E; [1/y*(2)]=1/8 n (23¢)

where >0 is the Lagrange multiplier on (7) satisfying (10). Kahn and Ravikumar (1997)
characterize the optimal contract obtaining

¥(9) > ¥(b), c(9)> c(b), 7(g) < (b). (24)
First, the high productivity individua receives a higher investment thus can enjoy higher
consumption, and receives a smaller transfer. Hence, we see from (23a,b,c)-(24) that, a mean
preserving spread of the distribution of the individual shock makes individual quantities more
variable than aggregate per individual quantities. Also note that the price of the risk free asset, p
(and MRS) varies inversely with the margina cost of lifetime utility, , and directly with the
variance of z, thus improving excess returns.

In this case, different individuals have different consumption and investment bundles and the
transfer scheme is endogenously partial since the optimal contract provides the right incentive for
individuals to reveal their idiosyncratic productivity truthfully. The optimal contract generates a
current transfer, in terms of the excess of production over consumption plus investment, from the
high productivity to the low productivity, so that

b+ 1<c(b)+y(b)<c(g)+v(g) < g+ 1, givenA=1 (25)
Under autarky, each would consume and invest out of its own productivity without net trades and
each side of (25) would hold with equality; and under full risk sharing the differences would be
fully traded so that c(b)+y(b)=c(g)+y(Q).

The mechanism provides the right incentive for the low productivity to revea truthfully
without giving incentive for the high productivity to deviate from truth-telling. Hence, the high
productivity individual receives higher consumption and investment whereas the low productivity
receives lower consumption and investment. In this case, we can show that the marginal efficiency

of the contract can be expressed as
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A=p(1-p)(y(9)- v(b))/B (26)
where pa= p, for A=1 constant. Thus, the efficiency of the contract increases with the spread of
¥(2), or the variance of z through the term p(1 - p), i.e. the variance of the one trial binomial. In
this case, as the variability of z increases, the marginal cost of deviating from truth telling
increases and the contract becomes more efficient in partially insuring the increased idiosyncratic
risk.

IV.E. Aggregate and Idiosyncratic Shocks with Private Information

The most general case is the one with aggregate and idiosyncratic uncertainty, and private
information of the idiosyncratic shock so that z is not observable by the intermediary. There is
discrepancy between aggregate and individual quantities with endogenous partial insurance of the
idiosyncratic shock, however, as before, aggregate risk is systematic at the individual level. The
closed form solution for this economy does not exist, and the solution from (9) with A(A)>0, i.e.
the temporary incentive compatibility constraint (6b) holding with equality, yields

E:[¢ (zA)] =B nA), each A (279)
E[czA)] = u (A+ A-B n(A), exchA (27b)
E[t@zA)] = -8 7(A), exchA (270)

P=BEn[1/y (ZA)] = Ea[ 1/ nA)] (27d)
MRSA) = Ex [ 1/¢ @A) = 118 n(A), eachA (27¢)

where n(A)>0 is the contingent Lagrange multiplier on (7) satisfying (10).
First, consider the case where pa=p for al A. Then, given the probability functions for the

aggregate and idiosyncratic shocks, we have that

¥(9.G)> ¥(9.B) 2 ¥(b,G) > y(b,B) (289)
c(9,G)> c(g,B) = c(b,G) > c(b,B) (28b)
7(9,G) < 7(g9,B) = 7(b,G) < 7(b,B) . (28¢c)

Thus, by (27)-(28), the individual variability is enhanced by the superimposition of the aggregate
uncertainty on the idiosyncratic shock relative to the absence of aggregate uncertainty. Again, the
optimal contract generates a transfer of current production over consumption plus investment,
from the high to the low productivity type, contingent on the aggregate state A, or
b+ A< c(b,A)+ ¥(b,A)< c(g,A) + ¥(g,A) < g+ A, eachA
We can show, using (28a), that

E:[¢(zG)] - E:[¢(zB)] =B (n(G)-n(B))> 0, (29)
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implying that

n(G) > n(B)
and the marginal cost of lifetime utility is larger in the good aggregate state relative to the bad
aggregate state because there is overall higher consumption and growth in the good aggregate state
for al types. However,

MG)-A(B) = (p(1-p)/B) ({¥(9.6) - ¥(b,G)} - {¥(a.B)-¥(bB)}) =0 (30)

implies that

AG)z A(B) .
Thus, by (30), the marginal cost of deviating from truth telling, or the marginal efficiency of the
contract may be higher or lower across aggregate states depending on the variability of the
idiosyncratic shock across aggregate states. If there is more idiosyncratic variability in the good
aggregate state, then A(G) > A(B) and the contract is more efficient in that state, and vice versa.

The price of the risk free asset, p (and MRS) varies directly with the variance of z and the
variance of A. Thus, from the perspective of the excess returns, there is more variability in the
MRS and thus an improvement in the excess return, relative to the absence of either z or A.

Next, consider the additional effects where p is contingent on A. First, the orderings
Y(A,9)>y(ADb), c(Ag)>c(Ab), and 7(A,9)<7(A,b) are preserved for al A. However, depending on
how the probability function shifts with changes in A, we can end up with alternative rankings in
(28). First, examine the case when pc>ps , or the probability of the high productivity typeislarger
in the good aggregate state. By expressions (28)-(30), the individual variability is enhanced by the
superimposition of the aggregate uncertainty on the idiosyncratic shock relative to the absence of
aggregate uncertainty, or a positive correlation between z and A does not allow for diversification
of risk.

However, when pe<ps , the probability of the high productivity type is smaller in the good
aggregate state. In this case, an increase in the variance of z, given A, has to take into account the
additional effect of A on pa, which goes in the opposite direction. A negative correlation between
z and A alows for some diversification of risk. Therefore, with aggregate uncertainty, the
additional effect dampens the variability of individual quantities enough to make it smaller relative
to the case of no aggregate uncertainty. Hence, the main result here is that with aggregate
uncertainty, the variability of individual quantities is mitigated. The same is possible for the price

of assetsin this case. An increasein the variance of z, given A, can decrease the variability in the
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MRS and thus lower the excess return relative to the case of no aggregate uncertainty. In effect,
under imperfect risk sharing, a negative correlation between z and A, reduces the variability of
individual quantities.
IV.F. Comparisons and Simulations
Table 1 presents a summary of the results in the alternative arrangements for the expected (over 2)
growth factor, the discount factor (price of risk-free asset for intermediaries) and the marginal cost
of deviations from truth telling or the margina efficiency of the contract. As seen above, in the
case where pa=p for al A, the expected value of the growth factor with respect to the aggregate
shock, E,a[¥ (zA)], depends on the probability distribution of zand A. But, if p changes with the
aggregate shock, then there is the additional channel where the expected growth factor is sensitive
to the variability of both zand A. Similarly, for the price of the risk-free asset, it depends on the
probability distribution of z and A, and the additional channel if p changes with the aggregate
shock. The marginal efficiency of the contract, A(A) depends on the variability of the growth
factor, and pa(1-pa) which isthe variability of the one trial binomial for the idiosyncratic shock.
We can show, using the first order conditions (9) and the equilibrium condition (13) that
-AA) (1-8) A—{(b+A+7(b,A)/( g+tA+T(b,A)}) = n(A) - 1 (A) + A< 0, eachA.
Hence, we can establish from Table 1, columns B. and D. and columns C. and E., that
E;[¥ (zA)] | full information > E,[ ¢ (zZA)] | privateinformation , each A, (31a)
o | full information < p | private information (31b)
so that, private information reduces the contingent average (over z) growth factor for each
aggregate state. This is one of the main results of Kahn and Ravikumar (1997). Taking into
account the additional channel where p depends on A, then
Eza[¢ (zA)] | full information > E;a[ ¢ (zA)] | private information (329)
o | full information < p | private information (32b)
so that private information reduces the average (over z and A) growth factor and increases the
discount factor. However, the key result here is that aggregate uncertainty mitigates the effect of
private information, so that
E.[¥ (zA)] | full information - E;[¢ (zA)] | private information >
E.a[¢ (zA)] | full information - Eza[¥ (zA)] | private information. (33)
The gap between expected growth is smaller when there is aggregate uncertainty. Figure 2 shows
the right-hand-side of (33) as afunction of pa. Expected growth isin the vertical axis and pa in the
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horizontal. The U-shaped thick line represents expected growth with private information,
EzA[¥(z,A)] |private information. At pc=ps=0.5, the variance of the idiosyncratic shock is maximum
and the difference between private and full information expected growth is the largest. Then, we
let the conditional mean of the individual shock depend on the aggregate state A, u(A). Aspgs 0.5
s ps , the discrepancy between the individual probability across aggregate states widens, the
variance of the idiosyncratic shock decreases, and expected growth under private information
increases monotonically to the full information value. The main lessons from Figure 2 are: (i) the
mitigating effect of aggregate uncertainty is U-shape in pa and decreasing in the variance of pa;
(ii) the mitigating effect is never strong enough to reverse the inequality in (32a), that private
information decreases expected growth. Thus, for either a positive or negative correlation between
zand A, the effect of aggregate shocks on p can mitigate, but not reverse, the inefficiency caused
by private information on expected growth.

The numerical values in the figure come from Tables 2a,b,c, where we present numerical
simulations for the case of aggregate and idiosyncratic risk with and without private information.
In Table 2a, we have the case of maximum variance, pc=ps=0.5, of the idiosyncratic shock and
the discrepancy between expected growth islargest asillustrated in Figure 2:

Ea[¥ (A)] | full information = 1.283 > Ea[¥ (A)] | privateinformation = 1.281.
In Table 2b, we decrease the variance to pg=0.2<ps=0.8, and the gap between the expected
growth decreases to

Ea[¥ (A)] | full information = 1.283 > Ea[¢ (A)] | private information = 1.282.
In Table 2c, we decrease the variance to pg=0.8> ps=0.2, and the expected values are symmetric
(U-shaped).

Therefore, providing public insurance mechanisms for aggregate shocks in the manner
anayzed by Attanasio and Rios-Rull (1999) would be detrimental to expected growth under
private information. Insurance to aggregate shocks would counter the mitigating effect of
aggregate risk thus leaving agents bearing the negative effect of private information on expected
growth.

Comparing expected growth across columns shows that aggregate uncertainty induces more
substantive growth effects relative to idiosyncratic uncertainty only (a comparison of the growth
factor down each column). For example, in the case of full information in Table 2a, for pa=0.5,

comparing columns 1. and 2., we note a change in the growth factor from the bad aggregate state
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to the good aggregate state of about 18 percentage points, 1.338 minus 1.188. Examining columns
1. and 2. separately in the case of private information, yields a change in the growth factor across
idiosyncratic shocks of approximately 13 percentage points at most, 1.442 minus 1.310.
Therefore, the growth effects due to idiosyncratic shocks only may be "small,” as pointed out by
Khan and Ravikumar (1997), but adding aggregate uncertainty has the potential to make the
growth effects of private information larger.

Comparing Tables 2ab,c regarding consumption behavior, the variability of individual
consumption is dightly larger when ps=0.8>ps=0.2; and smaller when ps=0.2<ps=0.8. This
confirms that aggregate uncertainty may or may not mitigate the variability of individual
guantities. Comparing columns across tables for the case of private information, the variability of
individual consumption is larger in the good aggregate state relative to the bad aggregate state. As
a conseguence, across al tables A(G)>A(B) and the contract is more efficient in the good aggregate
state since there is more variability in that state. In this case, insurance to aggregate shocks can
decrease the variability of consumption when pe>ps thus making private insurance less efficient.™

Finally, we look at the row for the discount factor, p. First, notice that when ps=0.8>pg=0.2
(Table 2b), the discount factor increases so that the risk free interest rate decreases improving the
excess return. However, when pg=0.2<pg=0.8 (Table 2c), the discount factor decreases so that
the risk free interest rate increases thus reducing the excess return, again confirming that aggregate
uncertainty may affect the excess return both ways. In all cases, the inequality in (32b) is
preserved so that aggregate uncertainty does not reverse the result that private information

increases the excess return relative to full information.

V. CONCLUSIONS

We argue that aggregate uncertainty is potentially important for the individual decision making
process. Idiosyncratic uncertainty alone seems to yield a plausible explanation for the discrepancy
in the variability of individual versus aggregate per individual quantities. Adding aggregate
uncertainty provides possible additional channels that can either increase or decrease the
variability of individual versus aggregate per individual quantities. The end result is sensitive to

the way aggregate uncertainty affects the probability distribution of the idiosyncratic shock, i.e.

> Attanasio and Rios-Rull (1999) show that public insurance can distort (crowd out) private insurance
mechanisms and decrease welfare of individuals. Our result above regards the efficiency of the contract in
terms of the marginal efficiency of the contract, A(A).
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the sign of the correlation between individual and aggregate risk. We show that cases where the
individual variability may decrease are associated with a probability of high individual
productivity being large when the aggregate shock is bad, i.e. the correlation between individual
and aggregate risk is negative. We confirm the result of Khan and Ravikumar (1997) who found
that idiosyncratic uncertainty under private information decreases expected growth. We show that
aggregate uncertainty can mitigate the effect of idiosyncratic uncertainty but cannot reverse those
results. We basically show that effects of private information are sensitive to whether or not
aggregate uncertainty is taken fully into account and whether or not aggregate uncertainty affects
the probability distribution of idiosyncratic shocks. Thus, aggregate shocks and individual private
information may have larger growth effects. Moreover, insurance mechanisms against aggregate
shocks would be detrimental to expected growth in the presence of private information.

The effects of aggregate and idiosyncratic uncertainty on the risk free asset price were also
examined and they work in the plausible direction of increasing the excess return by decreasing
the risk free return, e.g. Heaton and Lucas (1992). However, we show that this result is aso
senditive to the sign of the correlation between individual and aggregate risk.

Further research regarding extensions to the more general isoelastic utility function and issues
relating to income distribution is certainly worth pursuing. A more important avenue regards the
foundations of the relationship between aggregate shocks and the probability distribution of
individual idiosyncratic shocks.



21

REFERENCES

Alvarez, F. and N. Stokey (1998) “Dynamic Programming with Homogeneous Functions.”
Journal of Economic Theory, 82, 167-1809.

Atkeson, A. and R. E. Lucas (1992) “On Efficient Distribution with Private Information.” Review
of Economic Studies, 59, 427-453.

Attanasio, O. and JV. Rios-Rull (1999) "Consumption Smoothing in Island Economies. Can
Public Insurance Reduce Welfare?' Manuscript. Department of Economics, University of
Pennsylvania, November.

Barro, R. and X. Sala-i-Martin (1995) Economic Growth. McGraw Hill Book Co., NY.

Brock, W. A. (1982) “Asset Pricesin a Production Economy.” McCall, J. J. (Ed.) The Economics
of Information and Uncertainty. The University of Chicago Pressfor the NBER, IL.

Brock, W. A. and L. J. Mirman (1972) “Optima Economic Growth and Uncertainty: The
Discounted Case.” Journal of Economic Theory, 4, 479-513.

Carrall, C. (2000) "Requiem for the Representative Consumer? Aggregate Implications of
Microeconomic Consumption Behavior." Manuscript. Department of Economics, Johns
Hopkins University, January.

Cochrane, J. (1991) “Production-Based Asset Pricing and the Link Bewteen Stock Returns and
Economic Fluctuations.” Journal of Finance, 46, 209-237.

Deaton, A. (1991) "Saving and Liquidity Constraints." Econometrica, 59, 1221-1248.

Deaton, A. (1992) Understanding Consumption. Claredon Lectures in Economics, Oxford
University Press. Oxford, UK.

Den Haan, W. J. (1996) “Heterogeneity, Aggregate Uncertainty and the Short Term Interest Rate.”
Journal of Business and Economic Satistics, 14, 399-411.

Den Haan, W. J. (1997) “Solving Dynamic Models with Aggregate Shocks and Heterogeneous
Agents.” Unpublished Manuscript, Department of Economics, UC San Diego, February.

Goodfriend, M. (1992) “Information-Aggregation Bias.” American Economic Review, 82, 508-
5109.

Green, E. J. (1987) “Lending and the Smoothing of Uninsurable Income.” In Prescott, E. and N.
Wallace (Eds.), Contractual Arrangements for Intertemporal Trade. University of Minnesota
Press, MN.

Green, E. J. and S.-N. Oh (1991) “Contracts, Constraints and Consumption.” Review of Economic
Sudies, 58, 883-899.



22

Hansen, L. P. and R. Jagannathan (1991) “Implications of Security Markets Data for Models of
Dynamic Economics.” Journal of Political Economy, 99, 225-262.

Heaton, J. and D. Lucas (1992) “The Effects of Incomplete Insurance Markets and Trading Costs
in a Consumption-Based Asset Pricing Model.” Journal of Economic Dynamics and Controal,
16, 601-620.

Kahn, J. A. (1990) “Mora Hazard, Imperfect Risk Sharing, and the Behavior of Asset Returns.”
Journal of Monetary Economics, 26, 27-44.

Khan, A. and B. Ravikumar (1997) “Growth and Risk Sharing with Private Information.”
Unpublished manuscript, Department of Economics, University of Virginia, September. In
Journal of Monetary Economics, 47, 499-521, 2001.

Kocherlakota, N. R. (1998) “ The Effects of Moral Hazard on Asset Prices when Financial Markets
are Complete.” Journal of Monetary Economics, 41, 39-56.

Krusell, P. and A. Smith (1998) "Income and Wealth Heterogeneity in the Macroeconomy."
Journal of Palitical Economy, 106, 867-896.

Marcet, A. and R. Marimon (1992) “Communication, Commitment and Growth.” Journal of
Economic Theory, 58, 219-249.

McGrattan, E. (1998) “A Defense of AK Growth Models.” Federal Reserve Bank of Minneapolis
Quarterly Review, Fall, 13-27.

Mehra, R. and E. Prescott (1985) “The Equity Premium: A Puzzle” Journal of Monetary
Economics, 15, 145-161.

Phelan, C. (1994) "Incentives and Aggregate Shocks." Review of Economic Sudies, 61, 681-700.

Pischke, J.-S. (1995) “Individua Income, Incomplete Information and Aggregate Consumption.”
Econometrica, 63, 805-840.

Prescott, E. S. (2001) "A Model of Costly and Limited Communication.” Unpublished manuscript,
Federal Reserve Bank of Richmond, VA.

Prescott, E. C. and R. Townsend (1984) “Pareto Optima and Competitive Equilibria with Adverse
Selection and Moral Hazard.” Econometrica, 52, 21-45.

Rebelo, S. (1991) “Long Run Policy Analysis and Long Run Growth.” Journal of Political
Economy, 99, 500-521.

Rios-Rull, J. V. (1995) “Models with Heterogeneous Agents.” In Cooley, T. (Ed.), Frontiers of
Business Cycle Research. Princeton University Press, N.J.



23

Stokey, N., R. Lucas with E. Prescott (1989) Recursive Methods in Economic Dynamics. Harvard
University Press, Cambridge, MA.

Thomas, J. and T. Worrall (1990) “Income Fluctuations and Asymmetric Information: An
Example of a Repeated Principal-Agent Problem.” Journal of Economic Theory, 51, 367-
390.

Townsend, R. M. (1982) “Optimal Multiperiod Contracts and the Gain from Enduring
Relationships under Private Information.” Journal of Political Economy, 90, 1166-1186.

Van Wincoop, E. (1999) “How big are Potential Welfare Gains from Risksharing?’ Journal of
International Economics, 47, 109-135.



24

Figure 1: Timing and Activities
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Figure 2: Mitigating Effect of Aggregate Uncertainty on Expected Growth
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Table 1:
Growth and Prices with Alternative Arrangements Contingent on Aggregate State

A. B. C. D. E.
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Table 2a: Simulations:

Aggregate and Idiosyncratic Risk with and without Private Information

1 2.
B=0.95 pa=0.5, pa=0.5,
G=1.45, B=125
g=0.2, 0=0.2,
b=-0.2, b=-0.2,
=05 =05
Private
I nformation:
c(b.A) 0719 .0620 Ea[c(zA)] .0689
c(@.A) 0759 .0656
A(A) 0348 .0320
n(A) 1.449 1.249
¥ (bA) 1.310 1.125 Ex[0(zA)] 1.281
v QA 1.442 1.247
7 (b,A) -1.178 -.9880 Ea [T(zA)] -1.281
7 (9A) -1.574 -1.384
Jo .71456 .71456
Full
| nfor mation:
c(A) 0725 0625 Ea [c(A)] 0675
n(A) 1.450 1.250
v(A) 1.378 1.188 Ea [U(A)] 1.283
7(b,A) -1.178 -.9875 Ex[1(zA)] -1.283
7(9,A) -1.578 -1.388
0 7448 7448




Table 2b: Simulations:
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Aggregate and Idiosyncratic Risk with and without Private Information

3. 4.
B =0.95 Ps=0.2<ps=0.8 | ps=0.2<pes=0.8
G=1.45 B=125
g=0.2, 0=0.2,
b=-0.2, b=-0.2,
=05 =05
Private
I nformation:
c(b,A) 0775 .0563 Eal[c(zA)] .0684
o(9,A) .0800 0614
A(A) .0230 .0196
n(A) 1.569 1.129
¥ (b,A) 1.382 1.049 EalY (zA)] 1.282
v (9,A) 1.518 1.167
7 (b,A) -1.172 -.9937 En[1(zA)] -1.282
7 (g,A) -1.570 -1.389
0 7615 7615
Full
| nfor mation:
c(A) 0785 .0565 Ea [c(A)] 0675
n (A 1.570 1.130
v (A 1.492 1.074 Ea [¢v (A) ] 1.283
7 (b,A) -1.172 -.9935 Ealr ZA)] -1.283
7 (9,A) -1.572 -1.394
Jo .7609 .7609




Table 2c: Simulations:
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Aggregate and Idiosyncratic Risk with and without Private Information

S. 6.
B =0.95 pPs=0.8>ps=0.2 | ps=0.8>ps=0.2
G=1.45 B=125
0=0.2, g=0.2,
b=-0.2, b=-0.2,
=05 =05
Private
I nformation:
c(b,A) .0663 0677 Eal[c(zA)] .0684
c(g,A) .0718 .0698
A(A) 0216 0213
n(A) 1.329 1.369
w(0,A) 1.237 1.200 Exlv (zA)] 1.282
¥(9,A) 1.365 1.326
7(b,A) -1.184 -.9823 Exl7 (zA)] -1.282
7(g,A) -1.578 -1.380
Jo 7414 7414
Full
| nfor mation:
c(A) .0665 .0685 Ea [c(A)] 0675
n(A) 1.330 1.370
U(A) 1.264 1.302 Ea [¥ (A)] 1.283
7 (b,A) -1.184 -.9815 Exl7r (ZA)] -1.283
7 (g,A) -1.584 -1.382
Jo .7409 .7409
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